With the use of the coherent and the squeezed state combined with canonicity condition in the time· dependent Hartree-Fock theory, quantal fluctuation appearing in the su(2)·boson model, which is well known as Schwinger boson representation, is investigated. Especially, the attention is focussed on the least quantal effect: 1) the minimal uncertainty and 2) the quantal fluctuation energy. The Lipkin model, an example obeying the su(2)-algebra, is adopted for demonstrating the basic idea. § 1. Introduction
It is well known that the time-dependent Hartree-Fock (TDHF) theory has been recognized as a quite powerful method for investigating dynamics of many-fermion system. This method contains two characteristic aspects. First is related with obtaining a classical counterpart of many-fermion system. With the aid of Slater determinant parametrized by classical canonical variables, we can get a classical counterpart of the original quantal system. Then, under an appropriate requantization procedure, the counterpart comes back to the original system in a disguised form. Second is closely related with a problem discussed in this paper. The TDHF theory gives us a method for approximate description of time evolution of many-fermion system. This method starts from a chosen Slater determinant lsi> as a trial wave packet for the time-dependent variational procedure. In the canonical form, the wave packet contains certain parameters which obey canonicity condition and, in this sense, we can regard them as canonical variables. Under the variational procedure, we can prove that their time-dependence is determined by solving the Hamilton equation of motion for these variables. the corresponding Hamiltonian (H)Sl, the above-mentioned quantal effect should be minimal and we must check if 1st> gives the least quantal effect. The above is our problem to be solved and we have to investigate the quantal effect which is beyond the scope of the conventional TDHF theory. However, the problem is difficult to give a definite solution in a general case. Needless to say, if we are concerned with the first aspect, the above-mentioned problem gives us a profitable viewpoint rather than a trouble. The reason is quite simple. The TDHF theory may be a unique method for giving a classical counterpart of many-fermion system, requantization of which comes back to the original fermion system in a disguised form. However, our present interest is to investigate the second aspect.
In order to give a possible solution, the Lipkin model may be suitable for the sake of simplicity.2).3) This model has served schematic understanding of classical version of many-fermion system. 1) In the shell model language, it consists of two singleparticle levels, the degeneracies of which are the same as that of each other. In this frame, we can contact with three one-body fermion operators, which obey the su(2)-algebra. In this paper, we will call them the su(2)-spin. Since the algebra is quite familiar, the validity of the TDHF theory is easily checked. We know that the su(2)-algebra, which is characteristic of the Lipkin model, can be expressed in terms of two kinds of boson operators, i.e., the Schwinger representation. 4 ) We will call it the su(2)-boson model. Then, in a certain sense, the analysis of the Lipkin model is equivalent to that of the su(2)-boson modeL
The use of the su(2)-boson model for investigating the least quantal effect gives us a merit mentioned below. Together with Fujiwara, the present authors proposed a method, with the aid of which the least quanta I effect is treated systematically in one-dimensional system, i.e., many-boson system composed of one kind of boson. 5 ). 6) With the aid of the coherent and the squeezed state, the classical version of the quanta I system is obtained. Then, two requirements are introduced into this version: 1) coordinate Q and momentum P should be under minimal uncertainty and 2) the absolute value of quantal fluctuation term in the expectation value of fj should be minimaL These requirements are applied to initial condition for solving the Hamilton equations of motion. Under the above-mentioned scheme, the approach by Jackiw and Kerman 7 ) and its related work by Cooper, Pi and Stancioff 8 ) is completely reproduced in a systematic way. Therefore, it may be interesting to extend the basic idea to multi-dimensional system. 9 ).10) Focussing on the least quantal effect, in this paper, we will give an analysis of the su(2)-boson model based on the coherent and the squeezed state. As the preliminary report, we gave a rather general viewpoint for the minimal uncertainty appearing in the su(2)-algebra; which will be referred to as (A).11) In (A), we pay attention to the commutation relations among the three components of the su(2)-spin. In the present case, three uncertainty relations are derived and, we maintain that any two of the three relations should be in the minimal uncertainty. In this paper, the detailed analysis on the least quantal effect in the su(2)-boson model is performed, especially, in relation to the Hamiltonian which is used in the Lipkin modeL Needless to say, the treatment based on the squeezed state is much more improved than that on the coherent one.
In the next section, the Schwinger boson representation of the su(2)-algebra will be recapitulated in a form suitable for the later discussion. In § § 3 and 4, the coherent state is formulated and quantal fluctuation is discussed in the framework of the coherent state. Further, in § § 5 and 6, the squeezed state is introduced and its related quantal fluctuation is described. Finally, in § 7, under the same idea as that in the adiabatic treatment of the TDHF theory, the Lipkin model is analyzed and it is shown that the squeezed state enables us to give much more improved result than that in the coherent state. § 2_ The su(2)-algebra in Schwinger boson representation
In this paper, we investigate the coherent and the squeezed state for a many-boson system governed by the su (2) 
Here, U is real and V is complex. They obey the condition With the use of the above bosons, we define the following set of operators:
The quantity Ii denotes the Planck constant and, through this paper, the order of the magnitude of various quantities is estimated by the power of Ii. in relation to the qllantal fluctuations. The set (2 -6) forms the su(2)-algebra, i.e., the sU (2) We can see that the operator 5 plays a role of the magnitude of the sU(2)-spin and any eigenstate of 5 is also the eigenstate of the Casimir operator f's.
With the use of the transformation (2 -5), the operators 5+, 5-, So and 5 can be rewritten as 
5-=2SUV(5/S-tiMs/2S)+j2tiS(U 2 13s-V 2 13;) ,

50= -S(U 2 -V* V)(5/S-tiMs/2S)+j2tiS(UVB;+ UV* Bs).
Here, 13;, Bs and Ms are defined by
We make the parameter S related to wave packet Iw>, in which we are interested, i.e., the coherent or the squeezed state, under the condition
<wI5Iw>=S. (2-17)
If Iw> is an eigenstate of5 with the eigenvalue S, we can regard the magnitude of the sU(2)-spin in the state Iw> as S. Generally, Iw> is not an eigenstate of 5. Therefore, the condition (2 -17) shows us that the magnitude of the su(2)-spin is equal to S as a mean value. The operators 13;, B s, Ms and S satisfy the relations
[13s, B;]=5/S-tiMs/2S, [Ms, 13;]=2B;, [5, B;]=[S, Ms]=O. (2·18)
The above is the outline of the su(2)-boson model, which we will investigate in this The main aim of this section is to investigate the coherent state for the su(2)-boson model. This investigation may be expected to be a powerful help to the classical description of many-boson system. As the wave packet Iw>, we adopt the coherent state Ie> in the following standard form:
Here, Nc is for the normalization and (aD, ao*) and (/30, /3i) are complex parameters.
The state 10> is the vacuum for a and b:
We can see that the state Ie> contains four parameters. Under an appropriate choice of the angle parameter X, we can express aD and /30 in the forms
Here, a is still complex and /3 is real. Then, we can rewrite the state (3-1) as
First, let a, /3 and X correspond to
Here, V, U and 0 have been introduced in § 2. Then, with the use of the bosons (c, c*) and (d, d*) given in § 2, the state Ie> is rewritten as
The state 1<1» and Ie> satisfies cl<l»= dl<l»=o, i.e., 1<1»=10> ,
We can see that Ie> is also the coherent state of c and d with the eigenvalues 0 and exp( -iO/2)-j2a/ft, respectively. Therefore, Ie> is the vacuum for (C, C*) and (15,15*) given in § 2:
cle>=15Ie>=o.
The state Ie> in Eq. (3-6) contains four parameters 0, a, V and V* instead of (ao, ao*) and (/30, /30*) in Eq. (3 -I).
We learned in the TDHF theory that the time-dependent Slater determinantal state can be parametrized in terms of the canonical variables and the timedevelopment of this state can be given by solving the Hamilton equations of motion for these variables. With the use of the canonicity condition, the parametrization can be performed;l) We apply the same idea to the coherent state Ie>. For this aim, let us introduce two sets of canonical variables instead of the set of the parameters (8, 6 , V, V*). The first is (8, S), which has been already introduced and we regard as canonical. The second is the set (X, X*), which we also regard as canonical in boson type. Since they are canonical, we adopt the canonicity conditions in the forms <clinoole>=S, <clinosle>=O, We can understand that the variable S represents the magnitude of the su(2)-spin and the variable 8 denotes the phase angle which is canonically conjugate to S . . The set of the expressions (3·17) is nothing but the c-number replacement of the Holstein-Primakoff type representation of tpe su(2)-algebra. 1 ), 3) The relations (3·17) can be rewritten as
Here, (Sx, Sy, Sz) and (Q, p) are defined by
In Eqs. (A·4·1l), we can see the same relations as those given in Eq. (3·18): (SX)CI =(Sx)c, etc. In (A), we could not contact with the meaning of Q and P. Now, it is clear. Equation (3·21) tells us that Q is canonical coordinate and P is its conjugate momentum. By solving the Hamilton equation of motion for Hamiltonian expressed in terms of (Sx)c, etc., the classical motion is described. The expectation values of a and b are given by With the aim of investigating the effects of the quantal fluctuations in the frame of the state Ie>, first, we calculate the square of the standard deviations as follows:
(LlS x 2 )e=ti/SS.{4S 2 -Q2. [4S-(p2+ Q2)] We} , (LlS/)e=ti/SS'{4S 2 -P2'[4S-(p2+ Q2)] We}, (LlSz 2 )e=ti/SS·{4S 2 -[2S-(P2+ Q2»)2W e } ,
We=1-2(LlS 2 )e/tiS.
Here, (LlSx 2 ) 
P2[2S-(P2+ Q2))2[4S-(P 2 + Q2)] ~O, (Dy)c=1/16S 2 • Q2[2S-(P 2 + Q2))2[4S-(P2+ Q2)] ~O, (D z )c=1/16S 2 • P 2 Q2[4S_(P 2 + Q2)F~0.
(4'14)
The solution which makes (Dx)c=O and (Dy)c=O compatible with each other is p2+ Q2 =0, 2S or 4S. For the combination (Dx)c=(Dz)c=O, we have p2=0 or p2+ Q2=4S. For the case (Dy)c=(Dz)c=O, we have Q2=0 or p2+ Q2=4S. Therefore, if Wc=l, the minimal uncertainty realizes, for example, at P=O and any value of Q in the case (Dx)c = (Dz)c = 0, which corresponds to the condition (A· 2· 8b). It may be interesting to see that, in this case, (Dy)c is of the same form as that of (Dy)w shown in Eq. (A· 5·3) for Y=l, i.e., ))=0. This fact is quite important. The fictitious condition W c =l gives us the exact relation for the Casimir operator and supports the minimal uncertainty. Therefore, as was already mentioned, it may be inevitable to search the state Iw> which makes the order of (LlS 2 )w less than that of tiS. Then, under the order of tiI, it may be permissible to regard the quantity corresponding to Ww as unity. § 
Squeezed state
In order to overcome the shortcoming of the coherent state mentioned in § TJ=TJ*, (TJ:real) r,3-2+l/r,=8(S/n-~*~) ,
Equation ( 
TJ=-1/2-VS/n -[(1-1/2-Vfi/S)
(5-7) (5) (6) (7) (8) We are interested in the case that S and e~ are of the same order. With the use of the canonical variables, we get
The expression (5·21) can be rewritten as It may be interesting to see that (Sx)s, etc. given in Eq. (5·22) are of the same form as those of (Sx)w, etc. in Eq. (A·4·9). In these expressions, we can understand that lJ should be x*x. The expectation values of a and b are given by
(a)s=<sl als>=j[S-n(x*x+ r/)]/(S-2nx*x)'exp( -i8/2)' X, (b )s=<s,lb Is>=j[S-n(x* x+ 7/)]/(S-2nx* x)
(5·26) § 6. Quantal fluctuations in the squeezed state
We are now in a stage to discuss the quantal fluctuations around the classical parts given by the squeezed state. For this aim, first, we define the square of the standard deviations for Sx, etc. in the following forms:
In the same sense as that given in Eq. (4'5), we can decompose <sISx 2 Is> (= (Sx 2 )s) , etc. into the classical and the quantal parts:
Since (SX 2 )S,CI=(S/)C,CI=(SX)S,c?=(Sx)c,c?, (LlSx 2 )s can be expressed as (LlSx 2 )s=(S/)S,QI-(Sx
The relation (6'3) should be compared with Eq. (4'6). The introduction of new degree of freedom (x, x*) gives rise not only to the change of (SX 2 )C,QI but also the appearing of (Sx)s2,QI. The square of the standard deviations (LlSx 2 )s, etc. is expressed explicitly in the following forms:
(LlS X 2 )s=Pi/8S'{4S 2 -Q2[4S-(P 2 + Q2)] W s } +Pi/4S'{4S 2 -Q2[4S+(p 2 -Q2)]}·(x*+x)jl/2+x*x -ti/2S' QP(2S-Q2)'i(x*-x)jl/2+x*x +ti/2S·{4S 2 -Q2[4S-(P 2 + Q 2 )]}·x*x, (LlS/)s=Pi/8S'{4S 2 -P2[4S-(P2+ Q2)] Ws} -ti/4S'{4S 2 -P 2 [4S-(P 2 -Q2)]}'(x*+x)jl/2+x*x -ti/2S' QP(2S-P 2 )·i(x*-x)J1/2+x*x +ti/2S'{4S 2 -P2[4S-(P2+ Q 2 )]}·x*x, (LlSz 2 )s=Pi/8S' {4S2_[2S-(P2+ Q2»)2 Ws} -ti/4S·{(P 2 -Q2)[4S-(p 2 + Q2)]}'(x*+x)jl/2+x*x +ti/2S' QP[4S-(p 2 + Q2)]. i(x*-x)jl/2+x*x +ti/2S·(p 2 + Q2)[4S-(P 2 + Q2)] 'x*x .
Here, Ws is defined by (6'4) (6'5)
The above forms are approximated in the frame of the linear terms for Pi. Since there exists the relation (5'9), Ws should be Ws=l. ' (6·6)
Hereafter, we will not write Ws explicitly. 
The above quantities are expressed in the frame of the order of n 2
• § 7. Discussion (6) (7) Up to the present, we have discussed the quantal fluctuations in the coherent and the squeezed state for the Schwinger representation of the su(2)-algebra. As an example, we will sketch our basic idea of a possible application to an su(2)-model, that is, the Lipkin mode1.
2 )
The outline of this model has been mentioned in § 1. In the present representation, the Hamiltonian of this model is given by (7 ·1) Here, E and 1 denote positive constants.
Main task of this section is to sketch our basic idea in the case of the Lipkin model for time evolution of quantal system with the least quantal effect. As was mentioned in § 4, we cannot expect the case which satisfies the conditions (Dx)c=O and (Dz)c=O. Therefore, directly, we start from the squeezed state. The expectation value of ii for the state Is> gives us a possible classical counterpart of ii. It is expressed as
<sliils>+2cS=Hs=Hs,cl+ HS,ql, H S ,CI=E(P 2 + Q2)+ IS(P2-Q2)_ 1/4.(P4-Q4), H S ,ql=n{4Ex*x-1/8s.(p 2 -Q2)[4S-(P2+ Q2)] -1/4S. [8S 2 -4S(P2+ Q2)+(P 2 _ Q2)2](x*+x).J1/2+x
The part HS,CI denotes the classical part of Hs and HS,ql the quantal fluctuation part.
The Hamiltonian is expressed as a function of the canonical variables (e, S), (Q, P) and (x, x*). Then, the Hamilton equations of motion are written down as B=osHs S=-oeHs=O . , , Q=JpH s , P=-JQH s , (7'6) ifix=Jx.Hs, ifix*=-JxHs.
The second of Eq. (7' 5) shows us that 5 is a constant of motion and, by solving Eqs. (7·6) and (7' 7) with an appropriate initial condition, the time-dependence of e, Q, P, x and x* can be obtained. The Lipkin model has been analyzed in terms of the adiabatic time-dependent Hartree-Fock (ATDHF) theory and there exist some possibilities for choosing the canonical coordinate and its conjugate momentum.
l )
The essence of the ATDHF theory is to express the classical Hamiltonian in terms of the quadratic form for the momentum approximately. As for the momentum variable, we will use P which has been used in this paper. Following the same viewpoint as that of the A TDHF theory, HS,CI can be expressed in terms of the variables Q and P:
Further, we approximate HS,ql in the frame of the term with po:
(7'8) (7'9) (7 '10) (7 '11) In the same way as that in HS,ql, we have the following approximate forms for (Dx)s, (Dy)s and (Dz)s:
It is noted that the variable Q should run in the region Q2;£;4S.
(7 '12) (7 '13) , (7'14) (7 '15) Our interesting problem is to investigate the initial condition for solving the Hamilton equations of motion shown in Eqs. (7·6) and (7' 7) in the approximate Hamiltonian. Of course, we expect that the solution gives us the classical motion of the Lipkin model. In (A), we have proposed a possible idea for investigating the least quantal effects in the classical motion of quantized system. If we translate the basic idea into the present case, the following conditions should be taken into account for the squeezed state: iHs,qIOi: minimal, any two of (Dx)sO, (Dy)sO and (Dz)so=O. We can find the solutions which obey the condition (7 ·16). For this business, it may be convenient to introduce the quantities g, Z and y defined by (7 ·19) The quantities g and Z run from 0 to CX) and from 0 to 1, respectively. Then, the solutions are given as follows:
(1) in the regions O;£;Z;£;Zl and z2;£;z;£;l, It may be interesting to calculate (Dy)sO, which is given by (7 ·28) . The above should be compared with Eq. (A·5·3). We can get the initial value of !I through the comparison of yin Eq. (7·19) with Eq. (A·5·5) and the definition of Y given in Eq. (A·5·4). It can be shown that the factor fez) in Eq. (7·28) is rather small with some exceptions. In the forthcoming papers, we will extend the basic idea given in this paper to the case of the su(l, I)-boson model by noting similar and the different points between the su(2)-and the su(l, I)-algebra.
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